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Abstract
Ice in main belt asteroids and Near Earth Objects
(NEOs) is of scientific and resource exploration in-
terest, but small airless bodies gradually lose their
ice to space by outward diffusion. Here, we quanti-
tatively estimate the time it takes a porous airless
body to lose all of its interior ice, based on an an-
alytic solution for the interior temperature field of
bodies in stable orbits. Without latent heat, the av-
erage surface temperature, which is lower than the
classic effective temperature, is representative of the
body interior and hence an appropriate temperature
to evaluate desiccation time scales. In a spherically
averaged model, an explicit analytic solution is ob-
tained for the depth to ice as a function of time and
the time to complete desiccation. Half of the ice vol-
ume is lost after 11% of this time. A bilobate struc-
ture emerges from the strong latitude dependence of
desiccation rates. Cold polar regions can harbor sub-
surface ice, even when the body center does not. La-
tent heat retards ice loss, and we obtain a succinct
expression for the temperature difference between the
surface and the ice. In the outer main belt, nearly
all bodies 10 km in size or larger should have been
able to retain ice in their interiors over the age of the
solar system. Each of the following factors favors the
presence of ice inside NEOs: a semi-major axis in the
outer belt or beyond, a mantle of very low thermal
inertia, a young age, or a small and stable axis tilt.
1 Introduction
Water ice in the interior of asteroids and Near Earth
Objects (NEOs) is of scientific and resource ex-
ploration interest (e.g. Lodders and Osborne, 1999;
Zealey et al., 2003). Airless bodies gradually lose
their ice to space by outward diffusion through the
porous material, and the time-scale of this desiccation
determines whether or not a body that initially con-
tained ice still retains some of it in its interior. To ad-
dress the question of how much ice a body retains af-
ter a given time, and at what depths, for given phys-
ical properties and environmental conditions, we ob-
tain analytic solutions for 1) the latitude-dependent
temperature field inside a fast-rotating and thermally
equilibrated spherical body (section 2), and 2) the
time-dependent depth to retreating ice for a spheri-
cally symmetric body, including the effect of latent
heat (section 3).
A number of numerical models have been devel-
oped for icy bodies (Delbo et al., 2015). For ex-
ample, Guilbert-Lepoutre et al. (2011) have imple-
mented a full three-dimensional model of ice evolu-
tion using spherical harmonics decomposition, and
Prialnik (1992) developed a numerical code for the
thermal structure and composition of comet nuclei.
Scho¨rghofer (2008, 2016) investigated ice loss from
the near-surface with an ensemble of one-dimensional
models. The approach chosen here differs from these
previous works in that it seeks analytic solutions
for the interior temperature field and ice retreat
rates. Analytical one-dimensional thermal models
have been previously utilized for comets (e.g. Klinger ,
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1981; Ku¨hrt , 1984; McKay et al., 1986). To obtain
these solutions, simplifying assumptions are neces-
sary, but because all parameter dependencies remain
transparent, the results provide insight for a wide
range of scales and parameters.
D ... vapor diffusivity
L ... specific latent heat of water ice sublimation
Q¯ ... mean annual insolation
T ... temperature
T¯ ... temperature averaged over surface area and
orbit
R ... body radius
a ... semi-major axis of orbit
a` ... coefficients in a series expansion
kB ... Boltzmann constant
r ... distance from body center
ri ... distance of ice table from body center
t ... time
tD ... time to complete ice loss
Γ ... Gamma function
ζ ... mean free path of water molecules
θ ... zenith angle (polar coordinate)
ρs ... saturation vapor density
ρv ... vapor density
Table 1: Frequently used variables
2 Temperature in body interior
2.1 Problem formulation
The amplitude of a periodic surface temperature os-
cillation decays exponentially with depth. A few such
diurnal skin depths below the surface, the tempera-
ture varies little throughout a solar day, and below a
few seasonal skin depths, it varies little even through-
out an orbit around the sun. The spatial domain can
be decomposed into a thin spherical shell, where lat-
eral conduction is negligible, and the interior, where
the temperature is cylindrically symmetric around
the rotation axis of the body. The temperature in
the deep interior of a body can hence be described
by a two-dimensional solution, and does not require
a three-dimensional description.
If the orbit of the asteroid does not change with
time, the temperature in the deep interior is constant
as well, and is a function of distance from the body
center r and zenith angle or co-latitude θ, defined by
the rotation axis of the body. The heat equation for
a stationary temperature distribution T (r, θ) is
∇2T = 0 (1)
Throughout this work, it is assumed that the thermal
conductivity is spatially uniform. For small bodies
radiogenic heating is negligible beyond the early solar
system.
We can estimate how long it takes a body to ther-
mally equilibrate. In a one-dimensional geometry,
the time-scale for the propagation of a heat wave is
R2/(2κ), where κ is thermal diffusivity. In a spherical
geometry, it proceeds faster, so we take tT = R
2/(6κ)
as the equilibration time scale, where R is the body
radius. For pure solid ice, the thermal conductiv-
ity would be k ≈ 3 W/m K (Lide, 2003). Assuming
k = 1 W/m K, a density ρ = 2000 kg/m3, and a
heat capacity of c = 1000 J kg K for the regolith-
ice mixture, the thermal diffusivity is κ = k/(ρc) ≈
5×10−7 m2/s. For 2R=1 km, tT ≈ 3×103 yrs. Nearly
all icy main belt asteroids should be thermally equi-
librated, whereas dynamically young comets will not
be thermally equilibrated.
We also numerically estimate the thickness of the
shell where temperature changes over one orbit. The
thermal skin depth is given by δ =
√
kP/(piρ)¸, where
P is period. For a typical orbital period of P = 5 yr,
a dry layer conductivity of k = 0.1 W/m K, and
a silicate heat capacity of c = 500 J/kg K, the skin
depth is about 2 m. The idealized model is valid for
bodies with a radius much larger than this seasonal
skin depth.
2.2 Solution ansatz
In spherical coordinates with cylindrical symmetry,
the two-dimensional Laplace equation (1) becomes
∂2T
∂r2
+
2
r
∂T
∂r
+
1
r2 sin θ
∂
∂θ
(
sin θ
∂T
∂θ
)
= 0 (2)
The partial differential equation (2) can be decom-
posed with Legendre polynomials P`. The tempera-
2
ture is expanded into orthogonal trigonometric poly-
nomials
T (r, θ) =
∞∑
`=0
T`(r)P`(cos θ) (3)
The eigenfunction property (Gradshteyn and Ryzhik ,
2007)
∂
∂θ
(
sin θ
∂P`
∂θ
)
= −`(`+ 1)P` (4)
decouples equation (2) into
d2T`
dr2
+
2
r
dT`
dr
− `(`+ 1)
r2
T` = 0 (5)
which has solutions
T`(r) = A`
( r
R
)`
+B`
(
R
r
)`+1
(6)
The radial dependence is expressed relative to the
body radius R. The negative powers of r have to
vanish, B` = 0. To make the coefficients unitless, a
constant temperature T¯ can be factored,
T`(r) = T¯ a`
( r
R
)`
(7)
The temperature at the center of the body is T (0) =
a0T¯ .
From the orthogonality relation∫ 1
−1
Pm(x)Pn(x)dx =
2
2n+ 1
δmn (8)
and (3) we have
Tn(r) =
2n+ 1
2
∫
T (r, θ)Pn(cos θ)d cos θ (9)
which provides a way to calculate an = Tn(R)/T¯
from the zonally averaged surface temperature
T (R, θ).
For a body in thermal equilibrium, the total radial
heat flux through a sphere around the center must
vanish, at any depth,
0 =
∫
∂T
∂r
dS =
d
dr
∫
TdS (10)
where the integral is over the surface of the sphere.
Hence the temperature averaged over the surface of
the body, T¯ , must be the same as the temperature
at the center of the body. With this relation, the
solution can be written as
T (r, θ) = T¯
∞∑
`=0
a`
( r
R
)`
P`(cos θ) (11)
where a` = T`(R)/T¯ and a0 = 1.
If the temperature is symmetric on the two hemi-
spheres, the odd coefficients vanish, and
T (r, θ) = T¯
[
1 + a2
( r
R
)2(
cos2 θ − 1
2
)
+ ...
]
(12)
The radial dependence involves only r0, r2, r4, ...,
which implies that the θ-dependent terms (` > 0)
diminish rapidly for small (r/R). The slowest non-
constant term decays as r2. Hence, the depth-scale
of this temperature change is determined by r/R ≈
1/
√
2, i.e. roughly 3/10th body radii below the sur-
face.
2.3 Fast rotator model as surface
boundary condition
A body’s effective temperature is defined by
σT 4eff =
1
4
(1−A)Q¯ (13)
where σ is the Stefan-Boltzmann constant, A albedo,
and Q¯ the annual mean insolation (for a circular orbit
the solar constant at the appropriate distance from
the sun). The factor of 4 represents the ratio of the
surface of a sphere to its cross-sectional area.
The fast rotator model (Lebofsky and Spencer ,
1990) assumes the rotation of the body is sufficiently
fast so that the temperature does not change with ge-
ographic longitude (local time), or, equivalently that
the thermal inertia is infinite. This often is not a good
approximation, but it is a well-known end-member
thermal model of asteroids. It applies best to rocky
bodies (high thermal inertia) that spin fast.
In the following it is also assumed that the body
has zero axis tilt, so the incoming flux is simple to cal-
culate. The solar flux which falls onto each infinitesi-
mal latitude band at co-latitude θ is distributed over
3
a circle of latitude,
σT 4 =
1
pi
(1−A)Q¯ sin θ (14)
The factor of pi represents the ratio of the circumfer-
ence of a circle to its diameter. In this simple situa-
tion, the surface temperature is
T (R, θ) = Teq sin
1/4 θ (15)
and the temperature at the equator is
Teq =
[
(1−A)Q¯
piσ
]1/4
=
√
2
pi1/4
Teff ≈ 1.062Teff (16)
The temperature averaged over the surface area is
T¯ =
1
2
∫ pi
0
T sin θdθ =
Teq
2
∫ pi
0
sin5/4 θdθ (17)
=
√
pi
10
Γ(1/8)
Γ(5/8)
Teq ≈ 0.93087Teq (18)
where Γ denotes the Gamma function. Or, expressed
in terms of Teff ,
T¯ =
pi1/4
5
√
2
Γ(1/8)
Γ(5/8)
Teff ≈ 0.98882Teff (19)
The average surface temperature (area-weighted) is
about 1% lower than the effective temperature.
If the only source of energy is the sun, then it is
always the case that Teff ≥ T¯ . The effective temper-
ature corresponds to the energy balance for a uni-
form surface temperature, and because the outward
infrared radiation goes as the fourth power of tem-
perature (Stefan-Boltzmann law), any deviation from
uniformity leads to additional energy loss. For dust
covered bodies (low thermal conductivity), this tem-
perature can easily be 20 K lower (Scho¨rghofer , 2008,
2016), which has an enormous impact on sublimation
rates.
2.4 Solution for interior temperature
We now determine the coefficients a` from the surface
temperature. Based on eqs. (7,9),
a`T¯ =
2`+ 1
2
TeI` (20)
I` =
∫ 1
−1
(1− x2)1/8P`(x)dx (21)
where x = cos θ. Odd coefficients vanish, due to
hemispheric symmetry.
A special case of an integration formula given in Gradshteyn and Ryzhik (2007), 7.132 is∫ 1
−1
(1− x2)λ−1Pν(x)dx = piΓ(λ)Γ(λ)
Γ
(
λ+ ν2 +
1
2
)
Γ
(
λ− ν2
)
Γ
(
ν
2 + 1
)
Γ
(−ν2 + 12) (22)
For λ = 9/8, as needed in our case (21),
Iν =
∫ 1
−1
(1− x2)1/8Pν(x)dx =
piΓ2
(
9
8
)
Γ
(
13
8 +
ν
2
)
Γ
(
9
8 − ν2
)
Γ
(
ν
2 + 1
)
Γ
(−ν2 + 12) (23)
=
piΓ2
(
1
8
)
(5 + 4ν)(1− 4ν)Γ ( 58 + ν2 )Γ ( 18 − ν2 )Γ (ν2 + 1)Γ (−ν2 + 12) (24)
where we have used Γ(x+ 1) = xΓ(x).
For ν = 0,
I0 =
√
pi
5
Γ
(
1
8
)
Γ
(
5
8
) (25)
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From comparison with (18,20), it is apparent that
a0 = 1, as we already determined above. For ν = 2,
I2 = −
√
pi
130
Γ
(
1
8
)
Γ
(
5
8
) (26)
The recursion relation, obtained from (24),
Iν+2 =
(4ν − 1)(ν + 1)
(13 + 4ν)(ν + 2)
Iν (27)
involves no special functions. The first is
I2 = − 1
26
I0 (28)
Only the first recursion coefficient is negative, which
means I0 > 0, but I2n < 0 for n > 0. Combined with
(20), the recursion for the coefficients an is
an =
2n+ 1
2n− 3
4n− 9
4n+ 5
n− 1
n
an−2 (29)
Numerically, a0 = 1, a2 = −5/26 ≈ −0.1923, a4 =
−9/104 ≈ −0.0865, a6 ≈ −0.0539, ....
Figure 1a shows the surface temperature for in-
creasing orders in the series expansion, T (R, θ)/T¯ =∑n
`=0 a`P`(θ), compared to the exact solution, T =
Te sin
1/4 θ. The deviation is largest at the poles, and
that is welcome since the zero polar temperatures are
an unrealistic aspect of the idealized model. The so-
lution at T (R/2, θ) illustrates how quickly the tem-
perature homogenizes with depth.
Figure 1b shows the interior temperature distribu-
tion as a function of r/R and θ. The cold polar areas
are shallow, consistent with the above estimate that
lateral temperature changes decay with a depth-scale
of 3/10th of the body radius.
2.5 Numerical values for interior tem-
peratures
Since the surface area averaged temperature T¯ deter-
mines the interior temperature, we discuss here how
T¯ is related to orbital geometry and physical proper-
ties of the body.
Figure 2a shows the results of numerical surface
temperature calculations, carried out with a numeri-
cal 1D model for a range of latitudes that cover the
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Figure 1: Temperature distribution of a ther-
mally equilibrated spherical fast-rotator with zero
axis tilt. a) Approximation of surface temperature
T ∝ (sin θ)1/4 with a series of Legendre polynomials.
At half body radius (r = R/2), the θ-dependence is
small. b) Temperature distribution in the body inte-
rior, based on 20th order analytic solution. Shown is
the cross-section T (r, θ), and the solution is cylindri-
cally symmetric around the rotation axis. The color
scale shows T/T¯ , where T¯ is the temperature of the
object averaged over its entire surface area and orbit.
The white contours show T/T¯ = 1, and the black
contours T/T¯ = 0.9.
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entire globe. This standard thermophysical model is
described in Scho¨rghofer (2017). The figure shows
T¯ as a function of thermal inertia. For zero axis
tilt and high thermal inertia this temperature must
agree with eqs. (13,19). At low thermal inertia, aver-
age temperature decreases significantly (Scho¨rghofer ,
2016). A higher axis tilt also leads to lower average
surface temperature, because the seasonal tempera-
ture amplitude becomes larger, and a larger ampli-
tude leads to more thermal radiation to space.
The influence of orbital eccentricity e can to some
extent be assessed analytically. The mean annual in-
solation Q¯ is proportional to 1/
√
1− e2 (e.g. Ward ,
1974; Klinger , 1981). Hence,
Q¯ =
1√
1− e2
So
a2
(30)
where So is the solar constant at 1 AU and a the semi-
major axis. The equivalent circular orbit would have
radius a(1 − e2)1/4. Even for moderate eccentricity,
this is not a large change compared to a circular orbit.
This does not imply that T¯ has the same dependence
on e (Rubincam, 2004), but it roughly captures the
magnitude of the effect.
For a fast rotator with zero axis tilt T¯ = 0.99Teff ,
where the effective temperature (13) is calculated
from the annual mean insolation. We call this tem-
perature T¯u because it appears to be an upper bound
on T¯ ,
T¯u = 0.9888
[
1√
1− e2
1−A
4σ
So
a2
]1/4
(31)
T¯ may be colder due to axis tilt or low thermal iner-
tia (Fig. 2), but based on the numerical evidence pre-
sented in Fig. 2a, T¯u ≥ T¯ . The desiccation timescale
obtained from T¯u will correspondingly be a conserva-
tive estimate.
3 Model of ice retreat
Here we consider long-term loss of ice by vapor dif-
fusion through the overlying porous layer.
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Figure 2: a) Area-averaged surface temperature T¯
according to numerical thermal model calculations
for a = 3 AU and a rotation period of 6 hr. A ther-
mal inertia of 2000 J m−2 K−1 s−1/2 would represent
a single block of rock or ice. Small thermal inertia is
representative of dust-sized particles. b) Estimated
maximum interior temperature T¯u. The actual inte-
rior temperature (surface temperature) can be lower
than T¯u because of axis tilt or low thermal inertia.
For both panels, an albedo of 5%, an emissivity of
0.95, and a circular orbit were assumed.
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3.1 Equation for ice retreat
First we consider a fully spherically symmetric situ-
ation to calculate the mass loss. Since vapor moves
much faster than ice and heat, it also equilibrates
faster, so the vapor flux is stationary. At the ice in-
terface (r = ri) the vapor flux is given by
J(ri) = ρi
dri
dt
(32)
where ρi is the density of ice and ri is the radial
coordinate of the receding ice table. The vapor flux
must be proportional to 1/r2,
J(r) = −Ddρv(r)
dr
=
(ri
r
)2
J(ri) (33)
where D is the vapor diffusivity and ρv the vapor
density. Upon integration,
ρv(r) = r
2
i
J(ri)
D
(
1
r
− 1
R
)
(34)
The boundary values for the vapor density are ρv(r =
R) = 0 on the body’s surface and ρv(r = ri) = ρs at
the ice interface, where ρs is the saturation vapor
density at temperature T (ri). Hence
ρv(r) = ρs
1
r − 1R
1
ri
− 1R
(35)
Taking the derivative thereof at r = ri,
J(ri) =
Dρs
ri(1− ri/R) (36)
(If ri was close to R, ri = R−z, this would reduce to
J(ri) = Dρs/z, as it should.) Combining (36) with
(32),
dri
dt
= D
ρs
ρi
1
ri(1− ri/R) (37)
ρs only depends on temperature, so this is a differen-
tial equation that can be integrated over time.
3.2 Solution for spherically averaged
model
For constant temperature (1-dimensional spherical
model), ρs(T ) becomes a constant, ρs(T¯ ), and the
differential equation (37) integrates to
ri
(
1− ri
R
)
dri = D
ρs
ρi
dt (38)
and upon integration from R to ri, and 0 to t,
R2
6
− r
2
i
2
+
r3i
3R
= D
ρs
ρi
t (39)
The time to complete desiccation tD is given by ri =
0,
tD =
R2
6D
ρi
ρs(T¯ )
(40)
In a planar situation the factor of 6 would be 2 in-
stead.
In non-dimensional variables r′ = r/R and t′ =
t/tD, (39) becomes
1− 3r′2i + 2r′3i = t′ (41)
The ice has receded to half the body radius (r′i = 1/2)
exactly at t = tD/2. Only 1/8th of the ice volume
is left at this stage. Half the ice volume is lost at
t/tD = 2−3/ 3
√
4 = 0.11, that is, after 11% of the total
desiccation time. Two thirds are lost after t/tD =
5/3− 31/3 or 22% of the time.
The inverse of (41), r′i(t
′), is the solution to a cubic
equation. With r′i = u+ 1/2 it turns into the form
u3 − 3
4
u+
1− 2t′
4
= 0 (42)
The discriminant is obtained as
∆ =
27
4
t′(1− t′) ≥ 0 (43)
and hence there are three real roots that can be ex-
pressed by trigonometric functions. The roots are
uk = cos
(
1
3
arccos(2t′ − 1)− 2pik
3
)
k = 0, 1, 2
(44)
The physically relevant of the three solutions turns
out to be k = 1. Undoing the reductions,
ri(t)
R
=
1
2
+ cos
(
1
3
arccos
(
2
t
tD
− 1
)
− 2pi
3
)
(45)
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Figure 3: Time dependence of ice retreat in a spheri-
cally averaged model according to equation (45). The
retreat is also shown in terms of relative volume re-
tained.
Figure 3 shows this universal solution. The ice re-
cedes fastest at the beginning and at the end. The
retained ice volume is proportional to (ri/R)
3, and
this fraction is also plotted in Figure 3.
The depth to the ice table is
R− ri(t) = R
2
−R cos
(
1
3
arccos
(
2
t
tD
− 1
)
− 2pi
3
)
(46)
For small t this must reduce to the planar case. In-
deed, the series expansion is
R− ri = R
√
t
3tD
+O(t) =
√
2Dt
ρs
ρi
+O(t) (47)
The retreat rate as a function of time is
dri
dt
=
R
3
cos
(
1
3 arcsin
(
1− 2 ttD
))
√
t(tD − t)
(48)
The outgassing rate is −ρi4pir2i (dri/dt). It is largest
at the beginning and decreases monotonically toward
zero. For example, at t = tD/2 the outgassing rate is
ρi(2pi/3)R
3/tD.
3.3 Desiccation time
To determine absolute desiccation time, we need to
choose values for body size R, body temperature T¯ ,
and vapor diffusivity D. The saturation vapor den-
sity ρs(T¯ ) can be calculated from temperature with
established formulae. The saturation vapor pressure
is (Bryson et al., 1974; Sack and Baragiola, 1993;
Murphy and Koop, 2005)
ln ps = b− mL
kBT
(49)
Here, m is the mass of a water molecule, kB the
Boltzmann constant, and L the specific latent heat
of ice. For water ice, mL/kB ≈ 6140 K (0.53 eV)
and b ≈ 28.9 (Murphy and Koop, 2005).
The vapor diffusion coefficient D depends on pore
sizes (related to grain size), pore structure, and tem-
perature. In a free ideal gas it would be (1/3)v¯thζ,
where v¯th is the mean thermal speed and ζ the mean
free path. For a Maxwell distribution of velocities
v¯th =
√
8pikBT/pim. In the current context, the wa-
ter molecules migrate by adsorption and desorption
rather than collisions between water molecules. In
this case, a Maxwell distribution may no longer be ap-
plicable, but the change to the mean thermal speed is
negligible compared to other uncertainties. The pore
size ζ in the interior is related to grain size, often a
major unknown (Asphaug et al., 2002). He´rique et al.
(2018) indicate regolith on asteroidal surfaces has a
size range from microns to a meter, and the internal
aggregate may be coarser than that. We choose a
value of ζ = 1 cm and note that tD is proportional to
ζ and R is proportional to
√
ζ. In a porous medium,
D also depends on porosity φ, but the ice density ρi is
also proportional to porosity. So to leading order the
two porosity factors cancel and we take ρi/φ = 927
kg/m3 and D/φ = (1/3)v¯thζ, because we are essen-
tially only choosing a value for ρi/D.
We choose an average surface temperature T¯ , a
body size R, and a vapor diffusion mean free path
ζ, and from these calculate vapor diffusivity D and
the desiccation time tD. Figure 4a shows desiccation
times as a function of T¯ and for two body diameters.
Figure 4b is based on the same equations as Fig-
ure 4a, but instead of desiccation time for fixed body
8
diameters, it shows the threshold body diameter for
fixed desiccation times (ages). Bodies larger than this
threshold diameter have retained some ice in their
interior, if they started out as ice-rich objects, while
bodies smaller than the threshold diameter can be
expected to have lost all ice. (Here, T¯ can be ob-
tained by any independent means, and this result is
not limited to the fast rotator with zero axis tilt that
was used for the two-dimensional temperature field.)
3.4 Latent heat effect
The latent heat consumed at the ice interface is
Q = ρi
dri
dt
L (50)
where L is the specific latent heat.
We consider a stationary temperature field where
the latent heat of sublimation is compensated by heat
flux through the ice-free shell. Heat can also be
drawn toward the ice table from the sensible heat
of the body interior. The following arguments justify
that neglecting sensible heat should be a good as-
sumption: 1) By the end of the desiccation process,
the sensible heat will have to be returned, so sensi-
ble heat acts in part only to redistribute the energy
over time. 2) As is well known, the latent heat of
melting corresponds to a difference in heat capacity
by 70◦C, and the latent heat of sublimation is about
7 times larger than that of melting, so the sensible
heat stored in the entire body is small compared to
the latent heat required to sublimate all of the ice.
The stationary solution is, based on (6),
T (r) =
{
A+B/r for r > ri
C for r < ri
(51)
From the boundary values, it quickly follows that
B = − T¯ − T (ri)1
ri
− 1R
(52)
The heat flux in the ice-free domain is
H = −k∂T
∂r
= −k B
r2
(53)
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Figure 4: a) Desiccation time tD in Earth years as
a function of mean surface temperature T¯ for pore
size ζ = 1 cm and body diameters 2R, according
to equation (40) (solid lines). The dashed lines are
desiccation times tL with the latent heat effect in-
cluded and thermal conductivity of the dry material
of k = 0.1 W/mK, according to equations (56) and
(63). b) Same as (a) but plotting threshold diameter
for fixed desiccation times as a function of T¯ .
where k is the thermal conductivity of the ice-free
domain. Balancing the heat flux with the latent heat,
H(ri) = Q,
B = −Q
k
r2i (54)
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The temperature at the ice table determines the va-
por pressure. The reduction in temperature due to
latent heat is
T¯ − T (ri) = Q
k
ri
(
1− ri
R
)
(55)
Combining (37), (50), and (55) yields a simple re-
lation
∆T = T¯ − T (ri) = D
k
ρsL (56)
The temperature difference depends on neither R nor
directly on ri, so the ice table is characterized by a
single temperature Ti ≡ T (ri).
The simplicity of (56) can be understood in the
following way. At the ice table, the heat flux balances
evaporative cooling:
−k∂T
∂r
= −D∂ρv
∂r
L (57)
Since temperature T and vapor density ρv both obey
the Laplace equation in the same geometry, the solu-
tions are geometrically similar (the heat flux H and
the vapor flux J are both proportional to 1/r2) and
the ratio of the local derivatives can be replaced with
the ratio of the differences between the respective
boundary values, ∆T and ∆ρv = ρs,
−k∆T = −DρsL (58)
This reproduces (56).
With ρs(T (ri)), (56) is a nonlinear equation for
T (ri). For small differences, the relation can be lin-
earized
∆ρs =
dρs
dT
∆T (59)
The saturation vapor pressure (49) combined with
the ideal gas law,
kBTρs = mps (60)
yields
dρs
dT
=
ρs
T
(
mL
kBT
− 1
)
≈ ρs
T
mL
kBT
(61)
Combining (56), (59), and (61),
∆ρs
ρs
≈ D
k
ρs
mL2
kBT 2
=
D
kT
ps
(
mL
kBT
)2
(62)
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Figure 5: The temperature of the ice (red line) versus
the average surface temperature T¯ shows the temper-
ature difference between the surface and the ice due
to latent heat according to equation (56). The dotted
line is a 1:1 relation (no difference). Here, ζ = 1 cm
and k = 0.1 W/m K.
Latent heat becomes noticeable when ∆ρs/ρs ≈
1/2. For D/φ = 3 m2/s and k = 0.1 Wm−1K−1, the
cross-over occurs at T ≈ 180 K. In bodies warmer
than that, latent heat will slow down the ice loss.
Grain size changes both D and k in the same direc-
tion, so the ratio D/k is less dependent on grain size
than D and k are individually.
Since ∆T is constant in time, the only change in
(37) is that ρs has to be evaluated at Ti instead of T¯ ,
and (40) and (45) are still valid. We rename tD to tL
when latent heat is taken into account,
tL =
R2
6D
ρi
ρs(Ti)
(63)
To obtain Ti the nonlinear equation (56) with
(49,60) has been solved numerically. Figure 5 shows
the temperature difference due to the latent heat ef-
fect. At low temperature the latent heat has no effect.
As anticipated, for temperatures above about 180 K,
latent heat becomes noticeable, and above 190 K it
is significant. At higher temperatures, the ice is sig-
nificantly cooler than the average surface, which pro-
longs desiccation times. Figure 4 also includes the
desiccation time tL (dashed lines).
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3.5 Bilobate shape
Equation (37) can also be used with the full r and θ
dependent temperature field, although in its deriva-
tion lateral vapor flux was neglected. Nevertheless,
this still provides insight into how pronounced of a
bilobate shape will emerge for the retained ice.
In non-dimensional variables t′ = t/tD and r′ =
r/R, (37) becomes
dr′
dt′
=
ρs(T )
6ρs(T¯ )
1
r′(1− r′) (64)
where r′ and T are both functions of θ and t. The
solution r′(θ, t) only depends on T¯ , since T (r′, θ) also
follows from T¯ .
Figure 6 shows the numerically integrated results
for the shape of the ice retained. The shallowest
contour corresponds to 0.1tD, and ice has retreated
substantially at the equator, but not at the poles.
Ultimately there is a pinch time < tD when the re-
maining ice is split into two hemispheric reservoirs of
equal volume. Ice loss in the polar region is small
even after a long time. These cold spots can har-
bor near-surface ice reservoirs, as long as they have
remained cold throughout the body’s orbital history.
This pattern of desiccation is notable for MBCs,
which may become active when collisions or mass
shedding from rotational destabilization excavate
near-surface ice (Hsieh, 2009; Hirabayashi et al.,
2015; Haghighipour et al., 2016). It suggests that
icy asteroids with sufficiently abundant ice to pro-
duce sublimation-driven activity close to their sur-
faces could be common, provided that the axis tilt is
small and that activation events occur near the poles
of such objects.
In the present model the regolith matrix is assumed
to stay in place after the ice has retreated. If the ice
fraction was higher, causing material to erode away
as ice sublimated, potentially leaving behind an ob-
ject with a dumbbell-like bilobate structure. Several
studies suggest that the formation of bilobate or con-
tact binary structures observed for many comets and
some small asteroids (e.g., Harmon et al., 2010, 2011;
Magri et al., 2011; Jorda et al., 2016; Agarwal et al.,
2017) are due to the merger of a binary pair after
0.5
0.6
0.7
0.8
0.9
1.0
Figure 6: Time and latitude dependent ice retreat
according to equation (64) for T¯ = 170 K. White
contours indicate ice table in time steps of 0.1tD, up
to 0.5tD. Background color is temperature as in Fig-
ure 1b.
tidal decay or a low-speed collision of unrelated ob-
jects (e.g., Magri et al., 2011; Taylor and Margot ,
2014; Massironi et al., 2015; Jutzi and Benz , 2017).
Differential sublimation rates could be an alternative
mechanism for the formation of such structures.
As the ice retreats, the rotational inertia around
the polar axis will become smaller than the rota-
tional inertia of the other two principal axes, and
the orientation of the object’s rotation axis is ex-
pected to change. On the other hand, small bodies
are never perfectly spherical, and the shape defines a
preferred rotation axis that is robust with respect to
small changes in inertia. If the body does reorient,
the polar region is quickly devolatilized.
3.6 Application to specific popula-
tions
Desiccation on a global scale for an entire body is
governed by the temperature T¯ . It is not determined
by the body’s effective temperature, which is larger
than T¯ , nor by perihelion temperatures, which are
only relevant for relatively shallow depths. However,
T¯ depends on more than just an object’s semi-major
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axis. The analysis presented in Fig. 2a shows how
T¯ also depends on thermal inertia and axis tilt. A
fast rotator with zero axis tilt will have the highest
T¯ , and therefore serves as a “hot” end-member case.
Figure 7 shows desiccation rates for this hot end-
member case as a function of semi-major axis a. As
in Fig. 4 these results assume a mean free path of
ζ = 1 cm for water molecules and an albedo of 5%.
Desiccation times are proportional to ζ and R2.
The Beagle family has an estimated age of 10 Ma
and is centered at 3.157 AU with orbital eccentrici-
ties around 0.15, and contains the main-belt comet
(MBC) 133P/Elst-Pizarro (Nesvorny` et al., 2008).
For ζ = 1 cm, the size threshold for complete des-
iccation of a Beagle family asteroid is R = 41 m. If
we take 0.11tD, when half the ice is lost, the threshold
is 125 m. The smallest known Beagle family mem-
bers are significantly larger than that (R & 1 km,
assuming albedos of ∼5%; Nesvorny , 2015), so even
for larger ζ, all known Beagle family members should
have retained most of their ice.
MBCs 133P, 176P, 238P, 288P, 313P, 324P, 358P,
P/2013 R3, and P/2016 J1 have semi-major axes that
range from 3.0 AU to 3.2 AU (Hsieh and Jewitt , 2006;
Snodgrass et al., 2017). Once the total insolation Q¯ is
adjusted for orbital eccentricity, the range of equiva-
lent semi-major axes is still almost the same. Objects
with radii of R & 0.5 km, which include all of the
known MBCs, have desiccation time scales that ex-
ceed the age of the solar system. Many MBCs may be
much younger, being apparent members of asteroid
families formed in catastrophic disruption events of
larger parent bodies in the relatively recent past (cf.
Hsieh et al., 2018). Recent formation of MBCs is also
supported by the fact that they exhibit comet-like
activity, implying the presence of ice in near-surface
layers and not only in their deep interiors. Generally
speaking, in the outer main belt (a & 2.8 AU) bod-
ies with radii larger than a few km (R & 3 km for
ζ = 1 cm) are expected to have retained ice.
Although collisionally sculpted, the current aster-
oid size distribution arose early in its history and
there was little further evolution of the size distribu-
tion, which is nearly fossilized (Bottke et al., 2005).
Nevertheless, small bodies are continually formed
through collisions and either gradually ejected or de-
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Figure 7: Same as Figure 4 but plotting desiccation
time and threshold diameters for fixed desiccation
times as functions of semi-major axis distance. See
caption of Figure 4 for further details. Plotted func-
tions use T¯ = Tu, so represent pessimistically short
desiccation times.
stroyed by further collisions. Granvik et al. (2016)
conducted Yarkovsky effect modeling on a larger
number of asteroids, and found that most 100 m size
objects were ejected over the integration period of
100 Myr. Hence, due to the Yarkovsky effect alone,
asteroids of 100 m and smaller can be expected to
be younger than 100 Myr. The typical lifetimes of
100 m asteroids against collisional destruction have
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been similarly estimated to be roughly 100 Myr (Bot-
tke et al., 2005). Objects of this size and age retained
some of their ice at temperatures below about 160 K,
which includes all bodies beyond a semi-major axis of
3.0 AU. Hence, only in the outermost main belt are
100 m large asteroids expected to retain some ice,
since they are likely to be <100 Myr old.
Objects with a > 2.5 AU (i.e., in the middle and
outer asteroid belt) and R > 7 km should have been
able to retain ice in their interiors over the age of the
solar system, assuming that they formed with ice and
that ice survived the period of radiogenic heating.
This is valid for vapor mean free paths of up to ζ =
1 cm. (Ceres, at a = 2.77 AU, retained ice within
the top meter of the surface (Prettyman et al., 2017)
only because of its very low thermal inertia and small
axis tilt (Scho¨rghofer , 2016).)
The NEO population covers a wide range of semi-
major axes, but many NEOs originate in the main
belt, and especially from the inner main belt (a <
2.5 AU) (Binzel et al., 2015). Nearly a thousand
NEOs have diameters larger than 1 km, but most are
smaller (https://cneos.jpl.nasa.gov/stats/size.html).
For an NEO with a diameter of 1 km or less to have
retained ice in its interior, one of the following con-
ditions would have to be met: 1) a semi-major axis
in the outer belt or beyond, 2) a mantle of very low
thermal inertia, which lowers interior temperature,
3) a young age due to a recent break-up from an ice-
rich body, or 4) a stable and moderately small axis
tilt that would maintain cold polar regions.
4 Conclusions
An idealized model of interior temperatures enables
us to evaluate ice loss over a wide range of scales and
parameters. For the surface temperature distribution
of a fast rotator with a rotation axis perpendicular
to the orbital plane, the interior equilibrium temper-
ature is given by eqs. (11) and (29). Lateral temper-
ature variations decrease with a depth-scale of about
3/10th of the body radius, and the average surface
temperature T¯ is representative of much of the body
interior. This assessment also applies to thermally
equilibrated spherical bodies with other surface tem-
perature distributions, only T¯ needs to be determined
by other means than eqs. (13,19).
The surface-area-averaged and orbit-averaged sur-
face temperature T¯ plays a key role in assessing ice
loss rates, because it represents the temperature of
the body center. It depends, among other factors,
on semi-major axis, thermal inertia, and spin axis
tilt. Numerical exploration shows that a fast rotator
with zero axis tilt represents a hot end member case,
with a temperature about 1% lower than the effective
temperature, eq. (19).
For a spherically averaged model, the time evolu-
tion of the ice retreat is obtained analytically (39,45),
and the time until complete desiccation tD is given
by eq. (40); half of the ice mass is lost after 0.11tD,
and 7/8th are lost after tD/2. Figure 4 shows results
for the desiccation time scale.
The model equations also enable us to investigate
the latitude dependence of ice retreat. Figure 6 illus-
trates the emergence of a bilobate structure. When
the tilt of the rotation axis is not large, the polar
regions retain subsurface ice long after the center of
the body has lost its ice. Hence, cold polar areas
may harbor ice on NEOs and small main belt aster-
oids that are otherwise devoid of ice.
The latent heat of the sublimating ice causes the ice
to be colder than the surface average. Within a ther-
mally equilibrated and spherically averaged model,
this temperature difference is given by (56) and is
independent of body size and remains constant as
the ice retreats toward the body center. These tem-
peratures depend on the physical properties of the
material, and for the values provided above, latent
heat starts to significantly retard ice loss at mean
surface temperatures above 190 K. Desiccation times
for temperatures exceeding this regime are calculated
based on numerical solutions to a nonlinear equation.
Applying these formulae we can make inferences
about specific small body populations. First, all
known Beagle family members should have been able
to retain ice from their parent body over the age of
the family (∼10 Myr). Next, in the outer belt, bod-
ies with radii larger than a few km should be able
to retain ice over the age of the solar system, and in
the middle belt and beyond, bodies need to be nearly
10 km in diameter to have been able to retain most
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of their ice over this duration. These are conservative
estimates because low thermal inertia and high axis
tilt lower interior temperatures below the value used
for these estimates and many dynamically younger
objects are embedded in the main belt. Lastly, NEOs
(most of which are necessarily small) should only be
able to retain ice under particularly favorable circum-
stances, such as very young ages, semi-major axes in
the outer belt region, extremely low thermal inertia,
or a small spin axis tilt and stable spin axis orienta-
tion.
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